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THE R- AND H- DEFECTS IN A CYLINDRICAL CAPILLARY

VITALY PERSHIN, TATIANA KUSHNAREVA
Department of Physics, Cheliabinsk State University, Cheliabinsk, Russia

Abstract Having based on well-known limiting cases, we constructed the approxi-
mate solutions of equilibrium equations for nematic liquid crystals for the radial
(R) and hyperbolic (H) point defects in a capillary with normal boundary condi-

. tions. On the contrary to the point of view accepted before we have to claim that
because of equivalence of both directions of "escaping” along the capillary axis the
bound R- and H~defects occurred instead of non-singular disclination. The com-
parative analysis of elastic fields of free and bound R- and H-defects has been
given. It has been shown that the boundaries do not influence on topology of the
elastic fields and far from the singularities the structure coincides with the struc-
ture of a non-singular disclination. It has been obtained that the difference between
the energies of the R- and H-defects in the bound state is half as much as the corre-
spondent value for the free defects.

INTRODUCTION

Within the continuum theory approximation the equilibrium deformed state of liquid
crystal is described by the closed system of differential equations for the director field
B(T). Analysis of these equations allowed one to establish the possibility of existence of a
great variety of structural defects,’ which are the singularities of director fields, and many
of them were discovered experimentally.2 A considerable body of work is devoted to the
study of free defects in boundless media not to be under influence of external forces. 1t
is common knowledge however, that external forces, among which are those dependent on
the presence of boundary surfaces, cause the equilibrium elastic field to change essentially
and in consequence can control processes of defect creation and conditions of their stabil-
ity.?

The objective of our work is to study the structure of defects that arise when the
planar disclination of strength £ = +1 ( L&p])) 1) escapes into the third dimension in a cylin-
drical capillary filled nematics under normal boundary conditions. The consideration is

symplified by using one constant approximation of the elastic theory of partially ordered
media.®

! From this point onward, the symbol ( ) will be used to mark the defects bound by
the cylinder surface.

[1403)/415
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APPROXIMATE FUNCTIONS

To achieve the objective let us assume director components as follows

m = sin a cos B, nz = sin a sin B, n3 = cos a, )
where o and B are polar and azimuth angles of local coordinate system that define the
direction of vector fi(7)at a given point and must obey the equilibrium equations’

V2o - sina cos (l(VB)z =0,

V2B +2cota(Va, VB) = 0. )

If, according to’, we assume that the escaping of planar disclination takes place along the
only one direction of capillary axis Oz (one-sided instability) then L(f,) transforms into
non-singular disclination L™, which is described in cylindrical coordinates by the fol-
lowing solutions of Equations (2)

1
(le<,°(p)=2tan‘l Po JA=ta,n,=n-a_y and B(p)=¢. 3)
p

Here po is a capillary radius exceeding the critical value at which the process L(,ﬁ) — L*
becomes energetically preferable,’ parameter | indicates the "escaping” along positive
(1 = +1) or negative (I = -1) directions of the cylinder axis. This solution provides the
nor-mal conditions at the boundary surface (a{po) = 7/2) and "escaping” along Oz

(@(0) =0, ).

The one-sided instability of disclination L‘fi) does not bring to a creation of singu-
larities in a cylinder and breaks the symmetry of "escaping”. When we assume that both
directions of axis Oz are equivalent, two-sided instability will arise, the planar point defect
of radial type arising within symmetry plane xy. In this case angular function § is un-
changed, but function a (3) becomes to be dependent on coordinate z as well. Then sys-
tem (2) can be reduced to the following equation

& ] j
_g_+?2_g+_é_ﬂezﬂ%=a @
oz° 9p° PP p

The particular solutions of Equation (4) are functions

172

R Vol +2% -2 H R

a =2arctg——2-—— , A =n—-a,
Jp2+z +z

that describes free R- and H-defects.

&)
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The attempts to obtain an exact analytical solution of Equation (4) under the
boundary and "escaping” conditions mentioned above haven been unsuccessful so far.
However knowledge of analytical functional relations offers some advantages over the
solutions obtained by computation. So it seems appropriate to try to find an approximate
function al? = a{?(p,z) that satisfies to all the physical conditions of the problem and the
limiting cases, namely:

1. As L(f;) escapes, director lines are unchanged and form the planar R-defect within
symmetry plane xy
aidp,z—»H0)=n/2, (i=RH).

2. The influence of a core of the point defect onto the structure of its elastic field is negli-
gibly small far away from xy-plane
a(R)(p,z - ioo) = OFeps a(H)(p,z -> ico) S0yg-

3. Director is perpendicular to the capillary surface
a'dp - po,z) = /2, B = o.
4. There are not any singularities on the symmetry axis of the cylinder, except when z = 0
alidp 5 0z£0)=0,x.
5. As the radius of the capillary po is increased, the point defect arisen from the two-sided
instability of disclination L' transforms into corresponding free defect
a®(po > «, p,2) = ai(p,z).

Functions a'?) that satisfy to the above-listed criteria can be represented as follows

s 12
[2 47202 2
+z°qy —2q_
d LE— , ol —n_a® where g, = 1:2 (6)
\/pz +22q3 +2q_

P
Now on substituting Equation (6) into (4), we get that the greatest deviation of the
left side of Equation (4) from zero is reached in a small vicinity of points |z| = 0.26po,
p = 0.71po, its maximal value being 0.39. At any other points the left side of Equation (4)
is little different from zero.

a® = 2arcty

THE STRUCTURE OF THE (R} AND (H)>-DEFECTS

Now let us consider the structure of elastic fields that are described by functions o®,
B = ¢. Substituting director components (1) into the differential equations for director
lines and taking into account Equation (6) we shall obtain the following
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¢ = const and iq_%—:D":—z,wherch—H—Ez— )
Po

The solution of Equation (7) is the implicit function

e

Figure 1 represents director lines designed according to formula (8). It is shown that
the signs "+" define fields of bound (R)- (Figure 1a) and (H)- (Figure 1b) defects respec-
tively. Despite distortions under the influence of the boundary surfaces these fields are to-
pologically equivalent to those of the corresponding free defects and at large values of z
coincide with the field of non-singular disclination L™’
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FIGURE 1. Director lines of the radial (a) and hyperbolic (b) defects in free state
(dotted lines) and in bound by means of the cylindrical surface state (solid lines).
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THE ELASTIC ENERGY

Of special interest is to study the influence of the boundary surface on the energies of
point defects in a cylindrical capillary and to compare them with the corresponding ene-
gries of free defects. In this paper we shall restrict our consideration to the analysis of the
energy gap between (R)- and (H)-defects.

The energy of elastic deformations can be defined by the following formula’

E= -’2£ ‘{ {(Va)z +sin? o VB)’ +2sin of i va, Vﬁ])}dV, (9)

where X is a Frank constant and V is a volume of nematics.

Because of the axial symmetry of the system considered the domain of integration
is conveniently bounded by a cylinder with radius of base p; and height 2z,, which is coax-
ial with the cylindrical capillary. Upon integrating Equation (9) with respect to coordinate
¢, we represent the energy gap as

AT oo

Ai(p1,2)=-2[dp [sina=——dz, (10)
0 o oz
where A; are the differences of energies of defects in free state (i = 1, @ = o) or in
boundone (1 =2, a = a(R)), which are normalized to 4nK.

On substituting Equation (5) into (10), we obtain for the free defects

EEET R s 2 pf
Al =————=2|pdp | -——— =pjarctg—+z; Inj 1 + —=-|. (1)
! 4K ‘!; P £(p2 + 22)2 : ] I 212
Expanding Equation (11) as a power series in PL yntil the first non-zero term we get
2]
Py 5 pf
A[(Zl >>p|)=-§— TC—E‘”? . (12)

Now let us calculate the energy gap for the bound defects. After substituting qua-
tion (6) into (10), the corresponding transformations Az can be written as the sum

E(R)_E(H) 3
T ———————— -]‘ N l3
2 ank El ;(Pl,zl) (13)
o dp i
where J, =pju(p;), Jy = fu(p)——=u —-lulpy)+ glpi. 21 ).
0 q. Po
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f ¥, e pol P 2 6 9 4
J3=8£q.(q+—l)pzdpf =—£[—° -2+ 5

o(p? +zzqf){Jpz +4z%(q, - 1) +p}

2

942 ~ P
- 222), 7,128
P Po

glpr.2)) =%£1n(o+\l02 ~1)(n_-m,) +(G, -G.),
2 Po In{l + p? / p?
lﬂi. = ln[l'f'ﬂi’a_i‘], Gi = 'p‘g{“'{%‘) —dy f)_(ip]__zp_)], a, 22
* ¢ 4:-p

1

+

Po 9% 2 D
Here integral /5 has been calculated in the approximation ‘z)—] << 1 since it vanishes when
1
po —> o and decreases rapidly as z) increases. The value of the energy gap for the bound
defects is then defined by the following expression

2
Az(m,z,>=m(—p"l—°v{%)—n)u(p])+2(g(m,z.)+J3<p1,zl)). (14)

Consider some important limiting cases. To do this we shall take into account the

equalities
2 212 H Po s )

2 ~
~1
_E(’__q{___(zgql{gl_),_l)’ Zl 5> p], (16)
2z 4. \ ;1 \po

that resuit from the passages corresponding to the limits in integral /2. Then it follows
from Equation (15) that

g(Pth)=

Az (po —> ) = A1,

This means that the influence of the capillary surface on the defects becomes negligibly
small when the surface is infinitely distant and the energy gaps of the free defects and the
bound ones are the same.

Taking p1 = po in Equations (14) and (16), we can write Equation (14) in the ap-
proximation z; >> py, which is of principal interest

2
T 11
Ag(z >>po) = EPO(‘Z“ - 1) - ?—;(%Io‘) . (17)
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Going to the limit z, — o in Equations (17), (12) and also substituting p) = po in the lat-
ter, we obtain

lim 4 = 0571.

Z) >0 ]

It follows that the energy gap for the free R- and H-defects is approximately twice as
much as for the bound defects.

DISCUSSION AND CONCLUSIONS

The construction of an approximate solution of equilibrium equations (2) on the basis of
well-known limiting cases has allowed us to conclude that in a cylindrical capillary in-
stead of non-singular disclination L™ point defects arise as a result of symmetrical

"escaping” of disclination L(f]). The visual identification and the analysis of limiting cases

po —» w0 and p — 0, z > 0 have shown that these point defects are singularities of R-type
("node ") and H-type ("saddle"), their structure coinciding with that of non-singular discli-
nation when z, — £00. At |21} >> py director lines of (R)- and (H)-defects are described by
the same functions

2
2p)=C, i__pi mgg__l(_p_) , Co>0, C_<0
T2 P 2\pg

that differ essentially from the asymptotic relations for R- and H-defects in free state.

The distortion of director lines of point defects in a cylinder causes the elastic en-
ergy to increase by comparison with their free state. The difference between the values A,
and A, points out that the cylindrical surface influences the point defects in different ways.
In fact, if we accept the value of deviation of an energy level of a free defect when it is
placed into an infinitely-long cylinder (z1 — o), that is 8, = E() - E/, as a measure of the
influence of a boundary field on the defect, then the unequality 8 > & follows from the
unequality for the width of the energy zones. The latter means that the surface field
distorts director lines and increases the elastic energy of the hyperbolic defect consid-
erably more in comparison with those of the radial defect. Moreover, the independ-
ence of A, on coordinate z at large distances from a defect core points to the fact that the
energies E® and E' can include either the same terms depending on z and having the finite
limit at z; = o or only non-divergent terms. It can be shown accurately that the latter
is true for the energies E” and E® with a cylindrical domain of integration. But if calcu-
lating the elastic energy we take the spherical domain of radius r, the energies of the R-
and H-defects and also the size of the energy gap will be linear functions of » and diverge
as r increases.
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Thus, under the assumption that both directions of “escaping” along the capillary
axis are equivalent, point defects of (R-) or (H)-types with distorted director lines in com-
parison with the free defects arise as a result of instability of disclination 1‘{; dina cylin-
drical capillary. The degree of distortion of director lines decreases when a capillary
radius increases, and far from the singularity the lines are lines of non-singular discli-
nation L™, It seems reasonable to say that it is because of the coincidence of director
lines at the asymptotical limit that the width of the energy gap is finite at z; — o and

defined only by the elastic field in the vicinity of the singularity.
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